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Abstract-The singularities in the solution for the radiation from nonuniformly moving dislo
cations are analyzed. Singular asymptotics of integrals are essential for obtaining the limiting
behavior on the slip-plane. as well as the field near the current position of the dislocation.

I. INTRODUCTION

In the course of our work on the nonuniform motion of dislocations during the past
several years. we encountered several unexpected difficulties that are due to the type
of the singularity of the dislocation. Here. we analyze and unify the origins of these
singularities as they relate to singular asymptotics of integrals. For simplicity. we re
strict attention to the screw dislocation and we omit extensive discussion of the edge
and the loop since the nature of the singularities that they exhibit is exactly the same.
We also restrict attention to isotropic materials.

2. THE FIELDS RADIATED FROM A NONUNIFORMLY MOVING DISLOCATION

This problem has been treated in [I]. A screw dislocation is considered at rest at
the origin in a three-dimensional space. and at time t = 0 it starts moving on the z =
oplane according to x = 1(1) or 1 = "l(x). Finding the fields radiated from the moving
dislocation reduces to a problem in the two-dimensional space z ~ 0 where the dis
placement field llx == O. lly = ll(X. Z. O. ll~ == 0 satisfies the wave equation

with boundary conditions:

all
u(x. O. t) = T [H(x - I(t)) - H(x)] for t ~ O.

(1)

(2)

The solution for a static dislocation at x = 0 must be superposed to the solution
of this problem. The solution was sought by Laplace transform techniques in time (I
- s) and space (XI- sA). and it was computed for the strain component au/oz. separately
for z ¥ 0 and for z = 0 (that is. on the slip-plane. where it is frequently of practical
interest).

In order to obtain the solution in [I] on the slip-plane z = O. we had to distinguish
the field points (x. 0 between those that the dislocation had gone through during its
motion (region II in Fig. I in [I]) and those that had not (regions I. III in Fig. 1 in [I]).

After application of the transforms to (I) and (2) and setting z = 0 we obtain

(3)

For regions I and III we can interchange the order of integration in Eand A in (3)

767



768 X. MARKENSCOFF

and obtain by the Cagniard-de Hoop scheme

(4)

where r = Ix - ~ Iand the upper limit ~*(x, z. t) of the integration is defined from the
root of the argument of the step-function, i.e.

(5)

For subsonic motion, i.e. Tj'(~) > b, there is only one real root to (5), while for super
sonic motion there may be several roots, which means that several disjoint intervals
of the history of the motion may contribute to the solution at one field point. This also
changes the nature of the solution and produces delta-function stress-singularities at
the Mach wave-fronts[2].

The solution (4) is convergent of regions 1 and 111 since ~ = x is not within the
range of integration. However, for region 11, where ~ = x, the interchange of orders
of integration in h, and ~ in (3), is not permissible since the integral

does not converge absolutely.
In order to circumvent this difficulty we used a "trick" in (1), namely we subtracted

the singularity from the integrand in (3) and added it. This way, the integrand contained
no singularity and the interchange of the orders of integration was made valid, while
the added term (which is the solution for a dislocation moving from rest with constant
velocity equal to the instantaneous velocity i< t)) could be integrated explicitly. So the
solution for region 11 is:

au (x, 0, t) = _ t1u roc {(t - Tj(~»H(t - Tj(~) - Ix - ~ I b)
az 271' Jo y(t - Tj(W2 - (x - ~)2b2(X _ ~)2

_ (t - Tj(x) - Tj'(x)(~ - x»H(t - Tj(x) - Tj'(x)(~ - x) - Ix - ~ Ib)} d~

y(t - Tj(x) - Tj'(x)(~ - X»2 - (x - ~)2b2(x - ~)2

+ t1u s8n x I(t + Tj'(x)x - Tj(X»)2 _ b2 H(t _ Ix Ib - Tj(x) + XTj'(x»
271' t - Tj(x) 'V x

t1ul
- --271' X •

By applying the transform again to (1) and (2) we obtained the solution for z ¥ 0 without
need to distinguish between different regions:

(6)

We may note that the order of integration and differentiation in the second integral in
(5) cannot be interchanged because, if differentiated in t, the integrand will possess
non-integral singularities at the upper limit of integration ~*.
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3. SINGULAR ASYMPTOTICS OF INTEGRALS AND LIMITING BEHAVIOR

AS ~ -.0
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Given the solution for::. = 0 and.:: ¥- O. one would like to be able to obtain the
former in the limit of the latter as z --+ O. However. if one tried to expand the integrand
in powers of z. the coefficients would be integrals in ~ that would be increasingly
divergent (at x = ~). Thus regular asymptotic (Taylor) expansion of integrals do not
work and we need to consider singular asymptotics of integrals for that purpose. Sin
gular asymptotic series expansions of integrals have been developed by Callias[3] and
Callias and Markenscoffl4]. For fairly general functions !, the series:

LX !(y, x) dx = i a",e'" + i b",e'" In e,
1'11=0 111= I

(7)

where y == elx is an asymptotic series with the coefficients a", and bIll given by [4]:

ao = (X !(O, x) dx
Jo

I x a2"'f(0, x) I
a", = - ---- Inx dr + c"'----

m!(m - 1)! (l ay"'ax'" m!(m - I)!

a2", - I!(O, 0)
+ -a"'a ",-1 + .Pm(q,)y x

[ where .P",(q,) = (111 ~ \)! LX d~ In ~ i~~ f" Rm+ I (l) .

-I a2m -
I!(0.0)

bIll = I
m!(m - \)! ay"'ax"'-

where C'" = ~'{'-1 lin.
For more specific forms of !, i.e. !(elx, x) = !(elx), q,(x) the coefficients a", and

bIll have been obtained by Callias[3].
The above series has the feature that it contains, besides integral powers of e, an

infinity of logarithmic terms in e. We can easily see that the integrals in (6) are of the
form f !(elx)q, dx, if we write

(~. (t - 'Tl(~»(x - ~)2 d~

Jo [(x - ~)2 + z2]2Y(t - 'Tl(~»2 - rb2

I Z2(X - ~)2(t - 'Tl(~» d~

= Z2 [(x - ~)2 + z2fY(t - 'Tl(W2 - r2b2

I (~. z2/(x - ~)2(t - 'Tl(~» d~

= Z2 Jo [I + z2/(x - ~f]2Y(t - 'Tl(~)f - ,lb2

I (~. ( z )= Z2 Jo ! x _ ~ q,(~, z) d~. (9)

Now, in order to make the series (7) directly applicable we extend the upper limits

SAC:: l!· l_ll
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of integration in (9) to infinity by writing as in [4]:

I i~' ( z )-:; f --I: <!>(~,.:) d~
z~ 0 x - ..

I i~' ( Z ) I i~' ( - )== '2 f --I: <!>(~, z)x(~) d~ + -:; f ~ <l>(~, <:)(1 - x(W d~,
Z 0 x - .. z~ 0 x - ..

(10)

where X(~) E ell( - x, x), and is such that its support is contained in (- ~*, ~*) and
X(~) = 1 for -a s: x S a, 0 < a < ~o. The function X(~) is otherwise arbitrary and the
final result should be independent of it.

The first term on the right-hand side of (10) will be expanded asymptotically in :.:
by using the series (7), while the second term, which contains no singularities at ~ =
x, since 1 - X(~) = 0 in the neighborhood of x, admits regular series expansion, and
the limit as z - 0 can be taken straight-forwardly, so that the integral converges to:

(~.(\.O.t) (t - TJ(~»( I - X(W d~

Jo (x - ~)2V(t - TJ(~)f - (x - ~fh2 .

Let us consider now the first term as the R.H.S. of (10):

where

(\ I)

z
y==--,

x - ~

and

We can expand <!>(f, z) = 2:~=o I/k!(i<l>(~, O)l and consider the expansion (to
order Z2 only for the limit z - 0)

1 JX (2) 2 III= - ~ I _ '......... ~", ..II - 2 _ f 1:/2 <!>(~"J d~ 2:.. 2: Alii-II

Z " .. 0 i=O

(12)

where Am-i,i are found from (8) by adding two series (for the integrals from - x to 0,
and from 0 to x):

Ao.o = Al.o = Au = A2.o = 0

Thus



Singularities of nonuniformly moving dislocatiom

We next consider the second integral in (6) for which we write

771

(14)

The last integral in eqn (14) is zero near x = ~ and converges to zero as z - 0
elsewhere. For the first two integrals in eqn (14), the coefficients in the asymptotic
series (12) are found, respectively, to be: For the integral

A o.n = A t •n = AI.l = A z.n = A n.z = 0

An I = (-!)( - 1)7T (2(1 - T] )(x»X(x) = 7T
. 2! V(1 - T](X»2

so that /21 - 7T/Z. and for the integral

(15)

I IX ( Z )2/~~ = - --
-- ZZ - x X - ~ ( I

A n.n = Au) = A I . I = A z.n = A n.z = 0

A _ (- k)( - 1)7T ( - 1)(1 - T](X»\(X) _
n.1 - I [(I - T](X»2j312 -

so that

7T
/~~ - - --- 2z .

7T

2

(16)

Considering the sum - t!U/27T(/, - hi - /2Z) and eqn (II), we obtain for the
strain au/az(x. z. t) the limit as z - 0

We have thus seen that although the stress is not singular at field points on the
slip-plane in region II (Le. the region that the dislocation has swept during its motion),
to find the stress at these points (in the limit as z - 0) requires singular asymptotic
expansions. If one tried to obtain the solution for these points by using the Green's
function approach, one would still encounter the same difficulties and could also have.0 use singular asymptotics. The same is true also for dislocation loops: that is. if one
wishes to find the solution in the limit (z - 0) as a point on the plane of the loop is
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approached, and this point has been previously swept by the loop, then singular asymp
toties of integrals are required. For the expression of the solution of arbitrarily ex
panding loops, and its calculation for some special motions. the reader is referred 1015.
6]. For an edge dislocation longitudinal and equivoluminal waves are coupled but the
solution for general dislocation motion may still be expressed[7] in integral form anal
ogous to eqn (6), so that the corresponding singularities are identical.

4. NEAR-FIELD OF A NON UNIFORMLY MOVING DISLOCATION

The dislocation, modelled in classical elasticity theory as a stlep-function discon
tinuity in the displacement, possesses an £ -I singularity near the core. When the dis
location moves in a steady-state motion, it still has the same type of singularity, whereas
for an accelerating motion it also exhibits an In £ singularity near the core[4]. The
coefficient of the logarithmic singularity for a screw dislocation moving according to
x = {(f) is[4]

That is, it depends on the instantaneous value of the acceleration i( I). Eshelby[8] has
obtained a logarithmic singularity for the case of constant acceleration when the in
tegrals in eqn (6) are elliptic. However, for general motion {(f), the solution (6) involves
integrals of general functions, for which asymptotic series-as in eqn OJ-are required.

In order to obtain[4] the core singularity form (6) we expanded the integrals around
the current position of the dislocation, i.e. for field points x = {(f) + EX(6),::. = £Z(6).

In this case, the integrals diverge at the upper limit of integration ~*' which may become
zero by change of variable f = ~* - ~, so that the integrals in eqn (6) are of the form

I {{'I., ( £ )

~'~ Jo f f' C £ d~'.

and the expansion is obtained by application of the series (7).
We have thus seen that singular asymptotics of integrals are at the root of the

solution of nonuniformly moving dislocations (screw. edge. or loops) even for points
where the solution itself is not singular.
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